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The graph based Semi-supervised Subspace Learning (SSL) methods treat both labeled and unlabeled data
as nodes in a graph, and then instantiate edges among these nodes by weighting the affinity between the
corresponding pairs of samples. Constructing a good graph to discover the intrinsic structures of the data
is critical for these SSL tasks such as subspace clustering and classification. The Low Rank Representation
(LRR) is one of powerful subspace clustering methods, based on which a weighted affinity graph can be
constructed. Generally, adjacent samples usually belong to a union of subspace and thereby nearby points
in the graph should have large edge weights. Motivated by this, in this paper, we proposed a novel LRR
with Adaptive Distance Penalty (LRRADP) to construct a good affinity graph. The graph identified by the
LRRADP can not only capture the global subspace structure of the whole data but also effectively preserve
the neighbor relationship among samples. Furthermore, by projecting the data set into an appropriate
subspace, the LRRADP can be further improved to construct a more discriminative affinity graph. Exten-
sive experiments on different types of baseline datasets are carried out to demonstrate the effectiveness
of the proposed methods. The improved method, named as LRRADP?, shows impressive performance on
real world handwritten and noisy data. The MATLAB codes of the proposed methods will be available at

http://www.yongxu.org/lunwen.html.

© 2017 Elsevier Ltd. All rights reserved.

1. Introduction

In many big data related applications, the problem of effectively
connecting unlabeled data with labeled data is of central impor-
tance [1,2]. For example, in the applications of image based web
searching and image based object recognition, the labeled data is
usually limited and the unlabeled data are rich and available in
internet. In these problems, the target goal is to build the connec-
tion between unlabeled data and labeled data and then identify
the labels of the unlabeled data. Semi-supervised Subspace Learn-
ing (SSL) [3-6] is a family of techniques that exploits the “manifold
structure” of the data by using both labeled and unlabeled samples
[7.8].

Constructing a graph of the local connectivity of data is an ef-
fective strategy for SSL due to its success in practice [9-11]. The
graph based SSL methods treat both labeled and unlabeled sam-
ples from the data set as nodes in a graph, and then instantiate
edges among these nodes which are weighted according to the
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affinity between the corresponding pairs of samples. Suppose that
the data set is noiseless and embeds in independent subspaces, the
graph identified by the respective SSL method should be a block-
diagonal matrix and each block corresponding to a subspace. Sub-
space clustering is able to produce exactly correct clustering re-
sult based on the block-diagonal matrix. To address this issue, we
build a weight graph G = (V,W), where V is the vertex set de-
noting nodes of the graph corresponding to N data points and W
e RN >N js a symmetric non-negative weight matrix representing
the relationship among the nodes. A non-zero weight reflects the
affinity between corresponding nodes and a zero weight denotes
that there is no edge jointing them. An ideal similarity matrix W,
hence an ideal weight graph G, is one in which nodes that cor-
respond to points from the same subspace are connected to each
other and there is no edge between any two nodes that correspond
to points belonging to different subspaces. Thus, given a data set,
the problem of graph construction is to determine the weight ma-
trix W. A perfect similarity graph built by SSL has n indepen-
dent connected components corresponding to n subspaces and
then by applying spectral clustering the labels can be propagated
from the labeled samples to unlabeled samples over the graph
[12-15].
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The recently Low Rank Representation (LRR) [13,14] is a promis-
ing weight graph construction method. The target of the LRR aims
at finding the lowest-rankness representation among all candidates
that can express the data vectors as linear combinations of the ba-
sis in a proper dictionary. Consider a set of data X = [x1, x5, ..., Xn]
in R4, each column of which is a sample that can be represented
by the linear combination of a basis of d vectors. If we form the
basis matrix as A = [ay, ay, ..., am], the X can be represented as:

X =AZ (1)

where Z = [z1, 2, ..., zy] is the coefficient matrix with each z; char-
acterizing how other samples contribute to the representation of x;.
Since the data can only be essentially represented by those data in
the same subspace, the nonzero elements in z; represents that the
corresponding samples are in the same subspace. Therefore, min-
imizing rankness of the data vector space could be an appropri-
ate criterion to cluster data drawn from multiple linear subspaces.
That is, LRR discovers the lowest rankness of the representation of
the data set as follows.

mzin rank(Z), s.t. X = AZ, (2)

where rank(e) denotes the rankness of a matrix. The low rank-
ness constraint guarantees that the coefficients of samples coming
from the same subspace are highly correlated. When the data are
clean and exactly from linearly independent subspaces, the similar-
ity matrix built by this way is an ideally n block diagonal matrix
corresponding to n subspaces.

LRR is an effective framework for exploring the multiple sub-
space structures of data. Based on the LRR, lots of recent efforts
have been made to exploit ways of constructing a discriminative
graph for SSL [16-19]. Liu et al. [18] proposed a latent low rank
representation method for subspace clustering by approximating
and using the unobserved data hidden in the observed data to re-
solve the issue of insufficient sampling. Zhang et al. [19] extended
the latent LRR by choosing the sparest solution in the solution
set to increase the robustness of the method. Wei et al. [20] pro-
posed a robust shape interaction by preprocessing the data us-
ing robust PCA [21] and then applying LRR to build the similar-
ity matrix. By combining the sparsity and global structure, Zhuang
et al. [22,23] proposed a nonnegative low-rank and sparse graph
for semi-supervised learning. Fang et al. [24,25] combined the non-
negative low-rank representation with the semi-supervised cluster-
ing learning within one framework achieving acceptable classifica-
tion performance.

Conventional LRR based methods usually consider much on
construction of the global subspace structure. However, a good
graph should not only capture global structures of all the data but
also reveal the intrinsic neighbor relationship among the data [26].
In this paper, we propose a Low Rank Representation with Adap-
tive Distance Penalty (LRRADP) method, which constructs the lin-
ear combination by using the nearby samples as much as possible
via the adaptive distance penalty. The affinity graph built by the
LRRADP can better both capture the global subspace structure of
a whole data set and preserve local neighbor relationships among
the data samples. The similarity graph/matrix identified by the LR-
RADP can work well with conventional semi-supervised classifi-
cation method, such as Gaussian Fields and Harmonic Functions
(GFHF) [8], for the label prediction of unlabeled samples. More-
over, the LRRADP is improved to LRRADP? by projecting the data
set into an appropriate subspace.

The remainder of this paper is organized as follows.
Section 2 introduces the related works of the low rank repre-
sentation and semi-supervised subspace classification methods.
Section 3 proposes an LRR with adaptive distance penalty method
(LRRADP) for subspace classification. Section 4 extends the LRRADP
to LRRADP? by projecting the data into an appropriate subspace.

Section 5 presents the experimental results and Section 6 con-
cludes this paper.

2. Related works
2.1. Low rank representation

To capture the global structure of data, LRR [13,14] is to con-
struct the affinities of an undirected graph. A LRR graph obtains
the representation of all data under a global low-rank constraint,
thus is better at capturing the global data structures. It has been
proven that under suitable conditions, LRR can correctly preserve
the membership of samples that belong to the same subspace [13].
Given a set of data, the data usually can be represented by other
data that lie in the same subspace. When the subspace are inde-
pendent and the data is noiseless. The subspace can be exactly di-
vided and the representation of the data set presents block diag-
onal. The LRR demonstrated that minimizing rank representation
of the data set can be replaced by minimizing the nuclear norm
of the union data, resulting in the following low rank optimization
problem:

min |[Z]].. s.t. X = AZ (3)

where ||¢||« denotes the nuclear norm of a matrix which equals
to the sum of the singular values of the matrix. A is a basis ma-
trix that is used as the dictionary of the linear representation. By
choosing an appropriate dictionary A, the underlying row space
of the data set X can be correctly captured. In most conditions,
the data matrix itself X is directly used as the dictionary [13]. We
call the optimal solution of the problem (3) as the “lowest rank
representation” of data X. In real-world applications, the observa-
tion data are often corrupted by noise. By correcting the noise, the
model of LRR can be converted to as follows.

min [|Z]]. + A||E||1. s.L. X = XZ+E. (4)

where A > 0 is a parameter. E is an error matrix representing the
noises and ||]|; denotes a special regularization strategy to charac-
terize the noise. There are many choices to define the error term.
For example, ||E||ﬁ is proposed for the small Gaussian noise, ||E||g
can be used to character random corruptions, and [|E||, 1 generally
character “sample-specific corruption” by encouraging the columns
in E to be zero.

Based on the basic low rank representation, a lot of efforts have
been devoted to improve the LRR by imposing the penalty on Z
and E and different kinds of LRR based methods were proposed.
To better handle the LRR based method, a more general rank min-
imization problem is given as follows.

min [|Z]]. + Q(ZE). s.t.X =XZ +E, (5)

where Q is a penalty function on Z and E. For example, Zhuang
et al. [22] defined the Q(Z E) = A{||Z||1 + A2||E||2.1, where A4
and A, are non-negative parameters, to construct a low-rank and
sparse graph. Feng et al. [27] aim at producing a exactly block-
diagonal similarity matrix by restricting the rank of Laplacian ma-
trix by defining Q(Z E) = 4||E||2.

2.2. Semi-supervised classification

Based on the affinity graph/matrix obtained by respective sub-
space clustering methods, semi-supervised classifier, such as Local
and Global Consistency (LGC) [28] and GFHF [8], can be used to
predict labels of unlabeled samples. To address this issue, we de-
fine a matrix F = [FF,]" € R™¢ to represent the label prediction
matrix by labeling a sample x; with a label y; :argmjaxﬁ-,j. Let
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= [Y,Yy]T € R™€ be a labeled matrix, where Y; and Y, correspond
to the labeled and unlabeled samples, respectively. Y; ; = 1 if sam-
ple x; is associated with label j(j=1,2,...,¢) and Y; ; = 0 other-
wise. Both LGC and GFHF utilize the weight graph and labeled ma-
trix to recover the continuous classification function by optimizing
both the label fitness and manifold smoothness. In other words, F
should satisfy the given labels Y, and meanwhile smooth on the
whole graph built based on both labeled and unlabeled samples.
That is, LGC and GFHF aim at minimizing the following optimiza-
tion cost on a weight graph to recover the classifiers F, respec-
tively.

2Sl]+)"Z||FI*_YI*”2

8ioc(F) =

111f F

1 n
SR~ BlBS A YR -Vl (©)
i, j=1 i=1

&ernr(F) =

where A balances the label fitness and manifold smoothness. A
is a very large number so Y"1, ||F; — Y;||> must be very small. F; -
and Y; » are the ith row of F and Y, respectively. m is the number
of labeled samples. Both g;;c(F) and g¢yr(F) have following similar
formulations:

gioc(F) = tr(FTLF) + tr(F = Y)TU, (F - Y),

gerr (F) = tr(FTLF) + tr(F — Y)TUn (F V), )

where I and L are normalized Laplacian matrix and Laplacian ma-
trix of the similarity matrix S, respectively. U, is a diagonal matrix
with the m elements as A corresponding to labeled samples and
with the rest n — m diagonal elements as 0 corresponding to unla-
beled samples, respectively. U, is also a diagonal matrix with the
m elements as Ao, corresponding to labeled samples and with the
rest n — m diagonal elements as 0 corresponding to unlabeled sam-
ples, respectively. F can be directly solved by differentiating g;gc or
Zgcryr With respect to F.

3. Low rank representation with adaptive distance penalty

Throughout this paper, all the matrices are written as upper-
case. For matrix M, the (i, j)th element of M is denoted as [M]; ;.
The ith row of M is denoted as [M]; - and the jth column of M is
denoted as [M] ;. The trace of M is denoted as tr(M). The I, — norm
of M is denoted as ||M||p. Specially, the Frobenius norm and nuclear
norm of matrix M are denoted as ||[M||r and ||M||«, respectively. The
transpose of M is denoted as M. M > 0 mean all elements of M
are larger than or equal to zero. I denotes an identity matrix. In
this section, we use X € R¢ * " to represent the data set, where d
is the dimension of the data and n is the number of the data.

3.1. LRRADP

The graph identified by LRR obtains the representation of all
the data under a global low-rank constraint, and thus is better at
capturing the global structures of data, such as multiple clusters
and subspaces.

Intuitively, nearby points are possibly from the same subspace
and thus the unlabeled nearby points in graph should have similar
labels. Motivated by this, the following quadratic energy function
is suitable to determine the weight between corresponding pairs
of points in the graph:

DO MIXL = X1 131215, (8)
i.j

where [Z]; ; is the related weight between the ith and jth sam-
ples. Minimizing (8) can assign small weight to the edge between
samples with far distance. On the other hand, nearby points in

the graph might obtain relatively large edge weight. By combin-
ing (8) with the LRR, the proposed Low Rank Representation with
Adaptive Distance Penalty (LRRADP) method is defined as follows.

n
min [[Z]]. + A Do NIXL = X1 13121, st X = XZ, (9)

ij=1
where Z is the low rank representation matrix of the data set.
A > 0 is a balance parameter. By setting an appropriate A, the LR-
RADP can better capture the global subspace structure of a union
space and preserve the neighborhood relativity between nearby
points. In (9), as the coefficients can be negative in the data repre-
sentation of the LRR, which allows the data can be substracted by
each other [22]. It lacks physical interpretation for many real ap-
plications [21,23]. To address this issue, we impose the nonnegative
constraint on the data representation. In addition, we simplify the
symbols by replacing the element operation by matrix operation
and the LRRADP can be reformulated as

rrzliEn||Z||*+)»tr(E(D®Z)), stX=XZ Z=>0. (10)

where D € R" * " is the distance matrix of the X, in which [D]; j =
[X].;— [X]*_j||% is the distance of two points. E € R" * " is a ma-
trix with all elements are 1. “®” is the Hadamand product.

In real-world applications, data are often noisy due to measure-
ment or processing issue. In such cases, the data do not perfectly
lie in a union of subspaces. So we need to consider the case where
data X is a noisy matrix. We introduce an error matrix E to model
the noise, resulting in the following optimization problem:

min||Z||. + A [|Ellp + A2tr(E(D®2)). st X =XZ+E. Z>0.

(11)

The objective function of the LRRADP has three terms. The first
term pursues the lowest rank representation of the whole data
space. The second term characterizes the noises of the data and
third term ensures that nearby points in Euclidean space can be
assigned relatively large edge weights. A; > 0 and A, > 0 are bal-
ance parameters to trade off among the low rankness representa-
tion, errors and adaptive distance penalty. In this paper, [; — norm
of E is used to characterize sparse noise of the data. So the LRRADP
has the following model.

min [|Z|]. + A [[El |1 + A2tr(E(D ®2)), stX =XZ+E, Z>0.
(12)

The minimizer Z* of the LRRADP can be considered as an im-
proved low rank representation by embedding the adaptive dis-
tance penalty, a column of which naturally characterizes the affin-
ity of a sample with other samples. Since the adaptive distance
penalty generally guarantees that the representation coefficients
of a sample mainly be formed by the neighboring samples, the
weight graph identified by the optimal solution of the LRRADP can
better capture both the global clustering structure of the whole
data and local neighbor relationships among the samples. Note
here that, since each sample can be represented by itself, the LR-
RADP always exist feasible solutions even when the data sampling
is insufficient.

3.2. Solving the LRRADP

To solve the LRRADP, we first introduce an auxiliary variable H
to make the variables in the LRRADP separable and then reformu-
late problem (5) as follows.

min||Z[|.. + [|E[l1 + Aotr(E(D @ H)),

(13)
stX=XZ+E Z=HHz=0.
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This problem can be solved by using the Augmented Lagrange
Multiplier (ALM) method [30-32]. The augmented Lagrange func-
tion of problem (13) is

L(Z,E,H,Y1,Y5, B)

= |IZ|ls + A1[Ell1 + A2tr(E(D® H)) + (Y1, X — XZ —E)
rn.z-H)+ DaX - xz- B+ 11z HIB). (14

where Y; and Y, are two Lagrange multipliers, (e, o) represents the
inner product, and 8 > 0 is a penalty parameter. By relaxing the
inner product, (14) can be further converted to as follows.

P Xz v+ 11z H 1 v/B1R)
1
~ 3 (W + 1),

(15)

The problem (15) is unconstrained. So it can be minimized with
respect to Z, E, H, respectively, by fixing the other variables, and
then updating the Lagrange multipliers Y; and Y. Particularly, the
update of Z E and, H in (8) go as follows.

. Y;
iy = argmin| 211+ & (1 -x2— B+ T4 1 + 12
Y.
~Het ). (16)
Eeer = argmin [[E||y + 51X — X2~ E-+ v, /811, (17)

Hpp1 = argn}{inkztr(E(D®H)) + g”zk —H+Yy/Bl3. (18)

For problem (16), suppose that q(Z) = g(HX —XZ—-E +
%II% +1Z-H, + %H%). By linearizing the quadratic term in
(9) at X; and adding a proximal term, it can be led to the following
approximation.

Bn:

Zy = argmzin||Z||* +q(Z) + (V0.2 - Z;) + T(HZ_Zk”%)

= argmin|izll. + 2221z - 2,

+ nl(—xT(x—xz—E+Y1/ﬁ)+ (Z-H+Yy/B))|

5.(19)

where Vzq is the partial differential of g with respect to Z. The
solution of the (12) can be obtained by using the Singular Value
Thresholding (SVT) operator [33]:

1
g1 = <Dnl7<zk + P XT(X —XZy — Ex + Y1 1/B)
z z

- @ Hi+HuB). (20)
where © represents the SVT operator and nzlif)’ is the thresholding
value of the ®.

For problem (17), it can be directly solved via the shrinkage op-
erator [34].

Epo1 =V, X —XZ+Y1/B), (21)
i

where W represents the shrinkage operator and %1 is the shrinkage
threshold of the W.

For problem (18), note that the solutions of different samples
are independent, the solution of (18) can be calculated by decom-
posing it into n independent sub-problems, each of which has a

Algorithm 1

Input: the data set X, parameters: A; > 0, A, > 0
Internalize: Z=H=Y,=0,E=Y; =0, Bo =1, Bmax = 10%, 0z = 2||X||?,
£=10"°, p=1.01, k=0.
while ||Zy,; — Zi||/11Z|| = §
Update Z as (12);
Update E as (13);
Update H as (14);
Update Y; as Y1 = Yii + BeXisr = Xir1Zke1 — Erar)s
Update Y, as Yy 1 = Yar + Bx(Zkr1 — Hin)s
Update 8 as ﬁk-ﬂ = min(Bmax, pBk);
Update k: k=k+1;
end while
Output: an optimal solution (Z*, H*, E*)

closed form solution.

[Hit1 i

arg min 7alDI] (H L. + 5 112~ [ + ¥ . B1

arg 1[2]111 1Zkl.i — [Hl.i + [Y2 )./ B — X2[D1..i/BlI3

[Zilei + [Yaklii/B — A2[DLi/B (i=1,...,n). (22)

The complete algorithm of the LRRADP is outlined in
Algorithm 1. The algorithm of the LRRADP shares similar conver-
gence propertie as the LADMAP method [29]. Since the n; is ini-
tialized as larger than ||X||%, the LRRADP will convergence to an
exact solution [29].

The most computational demand of Algorithm 1 is at step 1,
which computes the SVD of matrices. It is easy to check that the
computation cost of step 1 is 0(n3+ d3), where n and d are the
sample number and dimension of the dataset. Thus, the above al-
gorithm can be solved with a computation complexity of 0(Z (n? +
d3)), where ¢ the maximum iteration number of the Algorithm 1.

After obtaining optimal representation matrix Z*, the weight
matrix/graph of the data set can be built as W = (Z* + 2*T)/2, and
then the semi-supervised classification method, such as LGC and
GFHF, can be employed on the weight matrix to conduct classifica-
tion. In our method, GFHF is used as the label prediction method
which has the following optimization form:

g(F) = % D MIFL = 1 PIWTj + oo D T = (Y] I

ij=n i=1
= tr(FTLyF) +tr(F = Y)TU(F - Y), (23)

where F € R" * ¢ and Y € R" * ¢ are the label prediction matrix and
labeled matrix, respectively. Ly, = D — W is the Laplacian matrix of
W, in which D is a diagonal matrix with D; = Z;Ll W]ij A is a
large enough parameter. U is a diagonal matrix with diagonal el-
ements are Ay, and O corresponding to the labeled and unlabeled
elements, respectively. By setting the derivative of g with respect
to F to zero, the label prediction matrix can be directly obtained
as follows.

F = (Ly +U)"'UY. (24)

Finally, the label of each unknown sample can then be identi-
fied as:

Label (k) = argmaxF, ;. (25)
J

4. LRRADP2

In general, the quality of data representation will greatly affect
the quality of graph. A good data representation could improve the
quality of the graph and then improve the performance of the SSL.
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Previous works [22] have shown that by projecting the data with
a projection matrix, the embedded data will facilitate the subse-
quent data representation and increase the classification accuracy.
To improve the data representation, we propose to learn an ap-
propriate subspace in which the graph identified by the LRRADP
is more robust to the variance of data. The adaptive distances be-
tween corresponding samples are also calculated in the subspace.
We first denote an projection matrix as P. By plugging the learning
of P into the LRRADP graph construction framework, we arrive at
the following formulation:

n
anPiQIIZII* + AlEl + 22 Y PTX],; = [PTX], 1 5[2]5.
" i,j=1
stP'™X=P'XZ+E, Z>0,P'P=1. (26)

To avoid the trivial solution, the project matrix P is restricted to
column orthogonal. For simplification, we term the problem (26) as
LRRADP Projected version (referred to as LRRADP?). It is easy to
check that the LRRADP is a special case of LRRADP? with P = I. By
defining an appropriate linear subspace structure of the data, it is
expected to explore a more powerful discriminative graph to per-
form the semi-supervised classification. Moreover, by suitably as-
signing the dimension of P, some noise, such as outliers and ran-
dom corruptions, could be filtered out. Thus, it is believed that
the graph identified by the LRRADP? should be more discrimina-
tive than that identified by the LRRADP method.

To solve the problem (26), we also introduce an auxiliary vari-
able and relax the constraints in (26) to obtain the following aug-
mented Lagrange function:

[1Z]]« + A1[|E|[1 + Aztr(E(D ® H))
+ (Y1, P’X —P"XZ —E) + (Y,,Z — H)

+ (Y5, PTP—1) + §(||PTX —PTXZ —E||3 +|Z - H||?
+[PTP—1]13). (27)

where Y;, Y, and Y3 are Lagrange multipliers, and 8 > 0 is a
penalty parameter. Following the commonly used strategy in ADM,
we alternatively update the unknown variables. Specifically, we
first optimize the objective function of the LRRADP? with respect
to P by fixing Z E, and H, then we update Z, E, and H while fixing
P.

When Z, E and H are fixed, (27) degrade to:

mpin Aatr(PTXLyXTP) + tr(Y] (PTX — PTXZ—E)) + tr(YJ (PTP-I)),
(28)

where Ly = Dy — (HT 4+ H)/2 is the Laplacian matrix of the H, the
Dy is defined as the diagonal matrix where ith diagonal element
[Dulii=>; ([H]; +[H];)/2, (i=1,2,..., n). The projection ma-
trix P can be directly solved by setting the partial differential of
(28) with respect to P to zero.

When P is fixed, the problem of (26) can be converted to

n
min [1Z|]. + A [[El[1 + A2 Z] XL = (X1, 51150H]: g,
i,j=
stX' =XZ+E, Z=H,H>0, (29)
where X’ = PTX. It can be seen that the problem of (29) has a sim-
ilar objective function as the LRRADP. Thus, the Z E and H can be

solved iteratively by fixing other variables, arriving at following it-
erations:

1
Zi = @ o (Bt o (PTX)T(PTX = PIXZ,~ B+ Y1/ )
Nz, z

-wa—m+nwm0, (30)

Algorithm 2

Input: the data set X, parameters: A; > 0, A, > 0
Internalize: Z=H=E =Y, =Y, =0, P, is initialized by PCA, By =1, Bmax = 10,
nz =2||X||>, £ =107°, p =1.01, k=0.
while ||Zy,; — Zi||/11Z|| = §
Update P as:
if k==0 P = R;
else update P according to (28);
Update Z as (30);
Update E as (31);
Update H as (32);
Update Y1 as Yy 41 = Y1k + B Xis1 — Xir1Zke1 — Exs1)s
Update Y as Ya 41 = Yok + Bc(Zir1 — Hia)s
Update f as /Sk+l = min(Bmax, PB);
Update k: k=k+1;
end while
Output: an optimal solution (Z*, H*, E*, P*)

Fig. 1. Some typical examples of different datasets. The first to fifth rows show the
some typical images of the COIL20, Extended YaleB, AR, MNIST and C-Cube datasets,
respectively.

Egp1 = Wi, (PTX — PTXZ 4 Y1/8), (31)
B

[Hep1loi = [Zelei + [Yailii/ B = 22[D'Li/B. (i=1.....m), (32)

where [D']; j = ||[PTX], ; — [PTX], j||3. We alternatively solve prob-
lem (21), (23), (24) and (25) until convergence. The complete pro-
cess of the optimization of LRRADP? is summarized in Algorithm 2.
After getting the optimal solution Z*, we use the similar scheme as
that of LRRADP to construct a weight graph and then predict the
labels of unlabeled samples by using the GFHF.

5. Experiments

In this section, we evaluate the performance of the proposed
methods on baseline databases, as well as other state-of-the-art
graph construction methods. We combine the graphs identified by
the LRRADP, LRRADP? and conventional popular graph construction
methods with the GFHF method to perform the semi-supervised
classification, and quantitatively evaluate their performance. We
test and compare these solvers on six representative data sets,
including the COIL20, AR, Extended Yale B, Isolet5, MNIST and
C-Cube datasets. Among them, the COIL20 is an object dataset. The
AR and Extended Yale B datasets are two face datasets and the Iso-
let5 is a voice dataset. The MNIST and C-Cube are two real word
handwritten datasets of digits and characters, respectively. In the
test dataset, Fig 1 shows some typical images selected from these
datasets. In order to test the robustness of the proposed methods,
we form several corrupted/noisy datasets by adding block corrup-
tions and random noises of different levels on the COIL20 and Ex-
tend Yale B datasets. On each dataset, four representative affinity
graphs are constructed as baselines by using the LRR [13], LatLRR
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Table 1
The accuracy (%) of classification obtained using different methods on the COIL20 dataset.
#Tr  LRR LatLRR SsC Robust LatLRR ~ LRRADP LRRADP?
1 50.68+5.36  43.54+229 59.61+6.85  28.40+791 7493+1.79  7242+3.93
2 67.29+3.30 61.81+276 68.26+9.15 37.24+2.35 85.35+0.93  82.99+3.56
3 7316+2.86  71.94+288 78.70+4.86  70.12+2.73 87.01+1.17 87.13+1.81
4 76.25+2.89  7441+129  8459+3.76  75.47+2.47 89.26+1.27  89.33+1.53
5 77.57+2.09 7953+179  87.87+2.07 7825+175 90.10+0.95  90.34+1.35
6 79.224+153  80.92+156  88.08+6.34  80.91+2.02 91.42+097  91.80+0.80
7 82454210 8343+163  92.00+3.02 82.65+1.92 91.72+£0.98  92.09+0.87
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Fig. 2. Convergence curves of LRRADP. (a) and (b) are convergence curves of the LRRADP and LRRADP?, respectively.

[17], Sparse Subspace Clustering (SSC) [35,36], and Robust LatLRR
[18] methods. All algorithms first construct an affinity matrix by
respective corresponding technique and then GFHF propagates the
class labels from labeled samples to unlabeled samples based on
the constructed affinity matrix/graph. In the classification proce-
dure, we randomly select different numbers of samples per subject
as labeled samples and use the remaining as unlabeled samples.
All algorithms are run 10 times and then the mean classification
results and standard deviation are reported and compared.

All algorithms are run on MATLAB 8.2.0 on a PC with double-
core Intel(R) i5-3470 CPU at 3.2 GHz, RAM 8.00GB and Windows
7.0 operating system. It should be pointed out that the parame-
ters of all these methods are carefully adjusted to obtain the best
classification results. To improve the computation efficiency of the
LRRADP, the feature dimensions of the data are reduced by using
PCA to preserve 98% energy of the data.

5.1. Experiments on the COIL20 dataset

The COIL20 dataset  (http://www.cs.columbia.edu/CAVE/
software/softlib/coil-20.php) contains 1440 images of 20 ob-
jects and each object provides 72 images, which were captured
from varying angles at pose intervals of five degree. The original
images were normalized to 128 x 128 pixels and they are resized
to a gray-scale image of 32 x 32 pixels for computational efficiency
in our experiments, and then converted a 1024 dimensional scale-
level feature for each image. Twelve examples selected from the
COIL20 dataset are shown as in row 1 of Fig. 1. In this experiment,
1 to 7 images per subject are randomly selected as labeled samples
and the rest are used as unlabeled samples, respectively. In each
case, the mean classification accuracy and corresponding standard
deviations are listed as in Table 1, where #Tr denotes the number
of labeled samples of a subject. It can be seen that the proposed
methods, including the LRRADP and LRRADP?, outperforms other
methods. Fig. 2 shows the convergence curves of the LRRADP and

LRRADP? algorithms, respectively. We can see that both of LRRADP
and LRRADP? have fast convergence speed.

5.2. Experiments on the Extended Yale B dataset

The Extended Yale B dataset (http://www.cad.zju.edu.cn/home/
dengcai/Data/FaceData.html) consists of 2432 human frontal face
images of 38 subjects. Each subject contains about 64 images taken
under different illuminations. A number of images in Extended
Yale B dataset are seriously affected by shadows or reflection. The
row 2 of Fig. 1 show some images of the same person from the
Extended Yale B dataset. In the experiments, images selected from
randomly 30 subject forms the test dataset, in which 1 to 7 images
per subject are randomly selected as labeled samples and the re-
maining images are used as unlabeled samples. The classification
results are elaborated as in Table 2, from which we can see that
the LRRADP performs the best among all methods.

5.3. Experiments on the AR dataset

AR face dataset [37] is public available at http://www?2.ece.
ohio-state.edu/~aleix/ARdatabase.html. It contains over 4000 im-
ages corresponding to 126 persons (70 men and 56 women). These
images were captured under different facial expressions, illumi-
nations and occlusions, such as sunglasses and scarf. The images
were taken under strictly controlled conditions. Each person par-
ticipated in two sessions, separated by about two weeks. The same
pictures were taken in both sessions. Some images of the same
person from the AR face dataset are shown as in row 1 of Fig. 1. In
our experiments, we generate a sub-dataset by using the images
from first 30 subjects, each of which contains 26 images. Thus,
there are 780 images in total are used in the sub-dataset. Among
these images, 1 to 7 images per each subject are randomly labeled
and the remaining images are used as testing samples. Table 3
summarizes the classification results obtained by using different
methods. From the table we can see that, in most cases, the LR-
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Table 2

The accuracy (%) of classification obtained using different methods on the Extended Yale B dataset.
#Tr  LRR LatLRR SSC Robust LatLRR ~ LRRADP LRRADP?
1 38.28+4.97 36.76+293  47.48+2.03  31.18+8.03 58.00+1.93 49.77+3.28
2 44.61+3.05 53.74+155 64.18+246  48.71+£6.89 71.31+£2.77 64.37+129
3 57.62+245 63.06+2.81 7216+2.81 59.74+5.35 76.80+2.87 72.21+0.97
4 65.224+2.01 69.18+2.46 76.30+£2.22  69.28+2.59 80.86+162 77.58+1.73
5 70.22+293  74.05+213 79.88+195  75.45+2.97 83.11+1.80 79.87 £1.39
6 72.61+£552  77.79+212 8227+154 80474165 83.72+134 81.71+124
7 76.13+6.14 81.69+1.82 84144172 84.01+1.28 85.19+1.60 83.36+0.74

Table 3

The accuracy (%) of classification obtained using different methods on the AR dataset.
#Tr LRR LatLRR SSC Robust LatLRR LRRADP LRRADP?
1 4053+3.94 5653+3.65 5029+6.54 63.63+2.15 66.57+3.95 60.89+3.25
2 68.78+3.85  78.87+262 71.22+377 80.64+124 81.32+343 77.43+3.16
3 82.57 +£141 86.23+1.88  80.12+1.81 87.57+0.98 8942+1.83 83.51+155
4 87.27+128 9041+134  86.29+277 90.33+126 91.79+1.60 90.26+0.94
5 91.11+1.55 93.14+1.51 88.70+2.19 93.5440.80 95.41+0.87 92.10+1.71
6 92.13+0.82 94.58+1.08  91.45+252  94.48+0.98 95.33+1.13 93.15+1.15
7 94.11 £1.03 95.794+0.65 94.05+097 95.05+148 96.37+124  95.18+1.36

Table 4

The accuracy (%) of classification obtained using different methods on the Isolet5 dataset.
#Tr LRR LatLRR SSC Robust LatLRR LRRADP LRRADP?
1 11.60+898  35.73+£2.72 19.98+£9.09 30.51+4.01 4515+2.71 44244191
2 30.08+9.62 5333+210  45.02+548  47.54+2.80 58.28+1.57 57.20+1.75
3 4544+9.82 61.26+340 56.06+2.79  57.20+1.51 64.64+2.47  65.01+2.51
4 65.24 £3.11 67.88+1.25 63.40+155 61.05+1.65 68.29+2.08  69.22+1.61
5 7035+224  7127+122  66.17+1.25 64.26+1.38 72314+£094  72.46+2.36
6 74.21+1.49 7406+165 67.78+1.63  67.65+1.13 7416 +1.80 74.77 +£1.08
7 76.60+183  75.86+2.18 70.60 +1.31 69.97 +£1.32 75.77+£179  77.25+1.63

RADP can achieve higher classification accurate rates than other
graph construction methods.

5.4. Experiments on Isolet5 dataset

The Isolet5 dataset is available online at https://archive.ics.uci.
edu/ml/datasets/ISOLET. In the generation of the Isolet5 dataset,
150 subjects spoke the name of each letter of the alphabet twice.
Hence, 52 training examples from each speaker are obtained. The
speakers are grouped into sets of 30 speakers each, and are re-
ferred to as Isoletl, Isolet2, Isolet3, Isolet4, and Isolet5. The data
appears in Isolet 1+ 2+ 3 +4 data in sequential order and the Iso-
let5 is a separate file. In this experiments, the Isolet5 dataset is
used, which consists of 26 alphabet voice data from 30 subjects,
each of which provide twice voice. In other word, the Isolet5 con-
tains 26 classes of voice data, each of which has about 60 samples.
Specially, we note that the data of “m” is missing and it has 59
samples. Each data in Isolet5 dataset is normalized to a serial of
617 pixels. Table 4 lists the results of the classification by using
different methods. From the table we can see that the proposed
methods (LRRADP and LRRADP?) can achieve higher classification
accuracy than other benchmark methods. Moreover, the LRRADP2
performs better than the LRRADP.

5.5. Experiments on MNIST dataset

The MNIST dataset (http://www.cad.zju.edu.cn/home/dengcai/
Data/MLData.html) consists of more than seventy thousand hand-
written images of 10 digits with sizes of 28 x 28 pixels. The forth
row of Fig. 1 shows some typical images of the MNIST dataset.
In the experiments, we use the first 4000 images of the MNIST

dataset to form the test dataset, in which each digit has about 400
samples. We randomly select 30, 50, 80, 100, 150, 200 samples per
digit as labeled samples and use the remaining images as unla-
beled samples. The experimental results are detailed in Table 5.
We can see from the table that the proposed LRRADP? performs
the best.

5.6. Experiments on C-Cube dataset

The C-Cube dataset (http://ccc.idiap.ch) contains more than fifty
thousand cursive characters extracted from cursive words, includ-
ing both the upper and lower case of 26 letters [38,39]. The fifth
row of Fig. 1 presents some typical examples of the C-Cube dataset.
In the experiments, we randomly select 2000 characters of ‘A-J’
and ‘a-j’, each of which has 100 samples, to form the test dataset.
All characters are in the center of the bitmaps with different sizes.
To facilitate the experiments, we first reset the size of each bitmap
to make it with the same length and width by filling “black” back-
ground, and keep the character in the center of the bitmap with-
out changing the character’s size. Then, we resize the bitmap into
30 x 30 pixels. Fig. 3 shows some normalized bitmaps. In classifi-
cation experiments, 20, 30, 40, 50, 60 and 70 images per character
are randomly selected as labeled samples and the remaining sam-

A0 e GRH L)
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Fig. 3. Some normalized bitmaps of the C-Cube dataset.
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Table 5
The accuracy (%) of classification obtained using different methods on the MNIST dataset.
#Tr LRR LatLRR SSC Robust LatLRR ~ LRRADP LRRADP?
20 3130+ 115 62.75+0.82  72.05+143  34.90+3.73 70.33 +1.41 74.71+0.72
50 47.12+7.01 71.41+1.01 81.18+0.87  40.05+7.40 77.52+084  83.09+0.57
80 66.83+3.98  7456+0.54 84.19+0.60  55.08+12.36 81.87+0.63  86.12+0.59
100 7456+0.52 7541+075 85.18+045 66.27+12.94 82.92+0.66 87.45+0.49
150 77.97+082  7796+061 87.01+043  78.64+0.89 8512+046  89.46+0.44
200 79.60+0.81  79.51+0.75 87.76+0.52  81.03+0.67 86.36+042  90.32+0.62
Table 6
The accuracy (%) of classification obtained using different methods on the C-Cube dataset.
#Tr  LRR LatLRR SSC Robust LatLRR ~ LRRADP LRRADP?
20 34264926  42.01+137 2829+247 27.21+1.85 35.02+214 42.71+1.23
30 4310+0.85 4586+192 33.06+2.81 30.89+3.29 4433+153  49.23+1.46
40 4589+0.84 4857+1.03  40.63+509 33.72+3.92 46.74+136  54.11+1.78
50 4717 £1.70 4993+164 46.88+649  35.65+6.80 49.11+1.23 56.79 +£1.37
60 4926+135 50.65+114  48.66+540 42.13+13.43 51.20+138  59.49+1.52
70 49.25+1.62 51.37+£1.01 5557+779  45.63+8.49 51.64+142  60.80+1.65

ples are used as unlabeled samples, respectively. The classification
results are summarized in Table 6, from which we see that the
LRRADP? achieve higher accuracy than the other methods.

5.7. Experiments on corrupted and noisy datasets

In order to evaluate the robustness of the proposed meth-
ods, we simulate contiguous occlusions and random pixel corrup-
tions on various levels respectively. We select the first 15 persons
from the Extended Yale B face dataset and generate four synthetic
datasets by adding different levels of occlusions or noises, which
are formed as follows. For the contiguous occlusions, the block oc-
clusions are randomly added to different locations in original im-
ages of Extended Yale B dataset and the block sizes are 10 x 10 and
20 x 20, respectively. For the noisy synthetic datasets, we randomly
add 10% and 20% “salt & pepper” noises on the original samples of
the Extended Yale B dataset, respectively. Fig. 4 shows some ex-
amples from these four synthetic datasets. We test and compare

Table 7

the performance of different algorithms on these corrupted/noisy
synthetic datasets. In each data set, different number of images

Fig. 4. Some examples of the corrupted/noisy images. The first and second rows are
block corrupted images with size of 10 x 10 and 20 x 20 occlusions added on the
original images of the Extended Yale B dataset, respectively; the third and fourth
rows are noisy images with 10% and 20% “salt & pepper” noises added on the orig-
inal images of the Extended Yale B dataset, respectively.

The accuracy (%) of classification on the extended YaleB database with randomly block corruptions with size of 10 x 10 and
20 x 20, and with 10% and 20% “salt & pepper” noises, respectively.

#Tr  LRR LatLRR SSC Robust LatLRR ~ LRRADP LRRADP?
5 50.68 +1.98 49.82+1.16 48.00+1.85 52.56 +1.49 59.45 +2.62 60.56 +3.78
10 59.00£2.17 59.42+1.30 56.40 +1.23 61.97 +1.22 7330+£2.60 75.23+1.78
Corruptions 15 65.77 £2.12 65.14+2.02 60.50 +1.84 69.41+2.22 79.67 +1.61 82.52+1.96
(10 x 10) 20 68.80 £2.37 68.98 £1.35 65.01 +1.31 73.524+1.92 84.15+1.49 86.68 +£0.83
25 70.22+1.70 71.94+1.45 68.07+0.92  68.40+1.90 85.18 +2.30 88.37 £ 1.06
30 74.60+1.53 73.07 £1.57 71.03+230  79.13+2.00 88.02+1.21 91.66 + 1.68
5 22.91+4.00 30.79+1.84  32.83+265 31.00+£2.46 35.30+2.01 44.38 £2.52
10 31.09+7.69 38.75+1.69 37.81+2.82  38.85+2.40 4835+2.54  60.67 £1.92
Corruptions 15 37.96+9.86 44.76 £1.35 42.35+2.31 44.55+1.88 58.66 +1.78 7210+ 1.75
(20 x 20) 20 43.93+7.11 58.05+1.57 5417 £1.54 58.77 £ 1.66 64.38 +£1.64 78.01 +1.38
25 51.93+11.29  61.20+141 61.36 +1.63 66.62 +2.65 68.80 +1.08 83.59+1.33
30 51.71+£11.56  6232+156  63.52+298  70.32+227 72.41+£2.18 87.04+2.20
5 46.58 +2.03 47.19+2.03 50.82+1.73 50.63 +£3.91 57.25+3.50  56.63 +£3.61
10 48.50+1.48 52.89+1.85 5533+2.08  59.45+2.10 70.65 +1.92 72.39+£2.19
Noises 15 55.78 £1.57 59.03+2.08 63324126 69.08 +1.31 76.13 £1.00 78.76 £ 2.05
(10%) 20 56.44 +1.65 60.53 +1.98 65.70 +£ 1.07 72.78 +£2.32 79.94 +1.62 80.81+0.87
25 56.17 £1.53 61.78+134  66.82+1.05 74.48 +£2.00 82.72+1.40 84.25+1.39
30 56.83 +1.64 72.21+£2.15 67.72+1.56 75.80+2.01 84.53+1.10 85.63+0.85
5 23.16+1.20 25.36+1.87 24.45+1.48 28.34+5.55 30.87+£2.67 38.30+4.94
10 30.22+1.55 34.10+2.06 3229+0.80 41.74+5.13 45.50+2.10 51.65+2.47
Noises 15 36.03 +£1.05 41.89+1.33 40.05 +1.08 50.62 +1.31 54.44+1.77 59.40 +1.51
(20%) 20 40.47 £0.80 46.42+1.83 47.09 +1.00 51.89+1.52 60.40 +£1.27 64.81 £ 1.65
25 40.76 £1.28 48.51+1.41 46.19+1.20 57124138 62.36 +£1.40 67.70 £1.30
30 41.60+1.78 48.31+1.29 47.93 +1.46 58.80+1.50 65.71 £2.40 69.45 + 1.37
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Table 8

The accuracy (%) of classification on the COIL20 database with randomly block corruptions with size of 10 x 10, and with

15% “salt & pepper” noises, respectively.

#Tr  LRR LatLRR SSC Robust LatLRR ~ LRRADP LRRADP?
5 41.63+2.10 55.82+1.57 5044+3.20 43.05+1.63 59.40+1.30 61.29+1.74
10 58.88 +1.37 68.70 +£1.87 61.14 £ 6.56 56.80+1.38 71.95+1.85 74.79 £1.58
Corruptions 15 64.66 + 1.59 73.25+1.18 68.96+8.07  65.11+£1.06 7707+096  80.16 +1.01
(15 x 15) 20 67.06 +1.36 76.09+145  77.24+4.04  69.84+0.96 81.81+230 83.72+1.16
25 69.21+2.17 78.24+1.13 81.54+2.14 74.05+1.23 83.98+0.96  8517+1.31
30 70.26 +1.28 79.46+149  84.20+1.00 76.49 +1.89 85.93+1.36 87.05+0.91
5 69.10+3.10 71.66+1.87 6835+2.63 78.81+174 77.96 + 1.60 80.20 +2.00
10 77.52+1.92 80.78 £2.12 78.66 +1.85 83.52+1.28 84.74+1.42 85.32+1.13
Noises 15 80.69+2.25 8297+136  81.43+201 86.99 + 1.14 87.34+1.13 87.44+1.38
(15%) 20 81.71+1.54 86.19+ 1.60 83.74+£0.97 87.97+0.83 89.88 +1.61 88.38£1.13
25 8443 +1.13 86.76 +1.14 85.01+2.03 89.07+0.89 91.11+0.81 89.26 +1.41
30 84.71+£0.83 87.45+1.63 8594+112 89.96 +0.66 92.33+098 89.56+0.89

Fig. 5. Some examples of the corrupted/noisy images. The first row is block cor-
rupted images with size of 15 x 15 occlusions added on the original images of the
COIL20 dataset; the second row is noisy images with 15% “salt & pepper” noises
added on the original images of the COIL20 dataset.

per person are randomly selected as labeled samples and the
remaining images are used as unlabeled samples. The results on
four types of synthetic datasets are shown as in Table 7. It is
easy to see that the proposed methods consistently performs bet-
ter than other methods on all four datasets.

Furthermore, we formed two datasets, including a corrupted
dataset and a noisy dataset, by randomly adding the block occlu-
sion with size of 15 x 15 and 15% “salt & pepper” noises on the
COIL 20 dataset, respectively. Fig. 5 shows some examples from
these two synthetic datasets. We evaluate the performances of the
proposed methods as well as other algorithms on these corrupted
and noisy datasets, in each of which different number of images
per class are randomly selected as labeled samples and the rest
images form the test set. The classification results on two syn-
thetic datasets are summarized in Table 8, from which we can see
that the LRRADP and LRRADP? methods consistently achieve higher
classification accuracy than other methods on both COIL20 based
synthetic datasets.

5.8. Experimental results analysis

Based on the evaluation results shown in the above tables,
we have following findings. At first, experimental results on all
datasets show that the LRRADP based methods, including the LR-
RADP and LRRADP? methods, can achieve higher classification ac-
curacy than other methods in most conditions. It demonstrates
that the LRRADP based methods can construct a discriminative
affinity graph for the whole data. By using semi-supervised clas-
sification method, such as GFHF, the label information can be cor-
rectly propagated from the labeled to unlabeled samples over the
graph.

Second, it is noticed that the LRRADP based methods can signif-
icantly increase the classification accuracy than other graph con-
struction methods when there are only few labeled samples. For
example, when only one sample per each subject is used as la-
beled sample, accuracies of the LRRADP based methods be 10%
higher than that of the best among other methods for the COIL
20, Extended Yale B and Isolet5 datasets. The main reason is that

the LRRADP effectively preserves the neighbor relationship among
nearby samples, which is quite important for the semi-supervised
label prediction. Therefore, the proposed methods are suitable to
do the semi-supervised classification when only limited amount of
samples are labeled.

Third, in general, as an improved LRRADP, the LRRADP? per-
forms similarly with or better than the LRRADP method, which
can be seen in the experimental results on the COIL20 and Isolet5
datasets. However, it is noticed that the LRRADP outperforms the
LRRADP? for two face datasets. The possible reason is that most of
images in these two face datasets have greater variations. For ex-
ample, most of images in the Extended YaleB dataset are heavily
shadowed and the images in the AR dataset were captured under
different facial expressions and sunglasses or scarf occlusions, all
of which lead to these images cannot be well projected into an ap-
propriate subspaces. In other words, the LRRADP? possibly project
these images into an unsuitable subspace resulting the drop of the
accurate rate.

Forth, from the experimental results on the corrupted/noisy
datasets, it is not hard to see that the proposed methods can
significantly increase the classification accuracy on the block cor-
rupted and random noisy datasets in most conditions. In other
words, the adaptive distance penalty embedded in the LRR can
effectively improve the robustness to the corruption and noise.
Moreover, we can see that the LRRADP? performs much better than
the LRRADP on both the real world handwritten digit/character and
corrupted/noisy datasets. This is because that the Euclidean dis-
tance and linear combination in the LRRADP can be suitable ad-
justed to an appropriate representation. By appropriately assign-
ing the projection matrix and then projecting the data set into the
subspace, the LRRADP? is able to filter out some outlier and noise
influence so as to construct a more discriminative affinity graph.

In summary, the LRRADP is suitable for the classification of
those data with few noises and the LRRADP? is suitable for the
real world handwritten and corrupted/noisy data.

6. Conclusions

In this paper, we considered the general problem of learning
from labeled and unlabeled samples and classifying the unlabeled
samples and proposed a novel low rank representation with adap-
tive distance penalty, named LRRADP, to learn the affinity graph
of the data set. By embedding the adaptive distance penalty into
the LRR, the obtained affinity graph can better not only capture
the global clustering structure of the whole data but also preserve
the local neighbor relationship of those data. Based on the affin-
ity graph, the semi-supervised label propagation method, such as
GFHF, can effectively propagate labels from the labeled samples to
unlabeled samples. By projecting the data set into an appropri-
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ate subspace, the LRRADP can be further improved to discover a
more discriminative affinity graph. The improved LRRADP, named
as LRRADP2, shows competitive performance on the real world
handwritten, block occlusions and random noises datasets. Exper-
imental results on multiple datasets demonstrate the effectiveness
of the proposed methods. Furthermore, the proposed methods are
very effective and suitable for the semi-supervised classification
when the labeled samples are relative limited.
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